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Problem Solving — The party invitation problem
NIRRT, BigRAIGESRILARBAAR
AARx%HE

You want to invite as many friends as possible, but require that
every invited pair knows each other. Given a friendship graph,
what is the maximum number of people you can invite?



Clique Decision Problem(CDP)
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Complete Graph: |V| = n, |E| =

Clique is the Complete subgraph
Does ( contain a clique of size k?  Decision Problem (Yes or No)

What is the maximum Clique of G? Optimization Problem (K)



Decision and Optimization Problem

Decision problem (Clique): Given an undirected graph G = (V' E)
does G contain a clique of size k (i.e., k vertices pairwise'adjacent)?

Optimization problem (Maximum Clique): Given G, find the
largest k such that a clique exists, and optionally output the clique.

For discrete, bounded optimization problems, they can be converted
into a finitecnumber of decision problems (often logarithmic many).
This is a common technique in algorithm design and is one of the
reasons why the decision version and the optimization version of
NP-complete problems are closely related.




Boolean Satisfiability Problem (SAT)

Given a Boolean formula in conjunctive normal form (CNF),
determine whether there exists a truth assignment that makes

the formula true.

Let the CNF formulabe ® = C; A Cy A+ A Cyy,

e.g. P = (x1V xz) N\ (—|x1V x3) A (xzv—l.X3)
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Does G contain a clique of size k(k=3)?
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X1,%X2,x3 = 0,1,0

b = (X1 sz) N (_le VX3) N (Xz V _ng)
E:(u—v)exitif u+# —vandu,vindiff C;



Circuit-SAT

Logic Gates:

% NOT

Circuit Satisfiability-Problem: given a combinational logic circuit composed of
basic gates (AND, OR, NOT), determine whether there exists an assignment of
input values that makes the circuit output 1 (high, true).

It was so fundamental (prototypical NP-complete problem) and was the first
problem proven to be NP-complete (Cook-Levin theorem, 1971).




Time Complexities of Algo

Polynomial Time

Binary Search O(logn)
Linear Search Oo(n)
Merge Sort O (nlogn)
Insertion Sort 0(n?)
Matrix Multiplication o®?)
O(nlﬂ)
0(11100)

Problems that can be solved in
polynomial time

Exponential Time

SAT

0/1 Knapsack
Traveling SP

Sum of Subsets
Graph Coloring
Hamiltonian Cycle

o(2")
o(2™)
o(2")
o(2")
o(2")
o(2™)



Big-O Complexity Chart
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P and NP Problems

Polynomial time Problem: Problems that can be solved

in polynomial time with respect to the input size n.

Non-deterministic Polynomial time problems'(Verifier definition):

NP problems are those for which a_solution can be verified in

polynomial time (or there exists.a deterministic polynomial-time

verification algorithm).

e P C NP:any problem solvable in deterministic polynomial time is
trivially. verifiable.

e Whether P = NP is an open millennium problem. Most
researchers believe P # NP, i.e., there exist NP problems (like
SAT, TSP) that have no deterministic polynomial-time algorithm.
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NP-Complete(NPC) and NP-hard Problems

A decision problem Q is NP-complete if:
e QENP

e Every problemin NP can be reduced to Q.in polynomial time

A problem H is NP-hard if there exists an NPC problem (or any
problem in NP) that can-be reduced to H in polynomial time.

Note: H need not be a decision problem, nor does it have to
belong to NP (it could be an optimization problem or even harder).
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Non-Deterministic Problem

 Non-deterministic algorithm: At some step, the computation can
face multiple possible choices and it can “magically” guess the
correct branch.

Algorithm: NonDeterministic HamiltonianCycle(G)
Input: IKEE ¢ = (v, E), |V|] = n
output: YIR{FERZFMEIENEL "Yes", FUEL "No"
// AETRETEMER: BM—NTR=RYHES
. Let vl1, v2, ..., vn be a permutation of V
. // SSGERER: SEISNESIE S LB
for i =1 to n-1 do
if (vi, vi+l) not in E then
reject // 1BPIR=TB, EEERERW
end-if
end for
. // NERE—RSERESRIE
10. if (vn, vl) not in E then
11. reject
12. end if

13. accept // FRBHEEE, FEIRZENOIEE

If at least one path leads to a “yes” answer, the non-deterministic algorithm
returns “yes”; only when all paths return “no” does it return “no”.
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CNF-Satisfiability

® = (x1Vx3Vx3) A (1Xx1VXV—X3)

X = {x1; X2, X3}
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Equivalent of Graph Coloring and CNF-Satisfiability

Idea: Given a graph G = (V' E) ,construct a Boolean
formula @ (in CNF) such that @ is satisfiable iff & is
3-colorable.

B Each vertex gets at least one color
(xv,l Vix,,V xv,3) for every.v

B Each vertex gets at most one color (mutual exclusion)
For every v and every pair.of distinct colors ¢ + d:
(—va,C VvV —va,d)
B Adjacentvertices must have different colors
For every edge (w v) € E and every color c:

(—lxu,c V —|xv,c)

The conjunction of all these clauses is ©

Graph Coloring
0/1 Knapsack
Sum of Subsets
Traveling SP
Hamiltonian Cycle
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Equivalent of 0/1 Knapsack and CNF-Satisfiability

Graph Coloring
0/1 Knapsack
WF“E“ Sum of Subsets
Traveling SP
Weight 4 Hamiltonian Cycle
-----

Total Profits = Z DiXi

Total Weights = 2 W;X;
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Equivalent of sum-of-subset and CNF-Satisfiability

Graph Coloring
subset | 1| 2 | 3 | 4 0/1 Knapsack
N: 2 3 5 7 Sum of Subsets
| o1 | 01| 01| 01 Traveling SP

Hamiltonian Cycle

10 = ZNixi
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P. NP, NP-Complete and NP-Hard

NP NP-Hard

@ NP-Complete

P< NP NPC=NPNNP-hard

17



Summary

S Intuitive .
Full Name Key Definition Understanding Typical Example

Decision problems solvable by a dorting,
Polynomial o : o Can be solved. ' ‘shortest path,
: deterministic Turing machine in . : .
time o quickly bipartite
polynomial time .
matching
. Decision problems solvable bya
Nondetermin . : \ N
L nondeterministic Turing machine’in g SAT,
istic . Can be verified e
NP : polynomial time; . Hamiltonian
Polynomial : : quickly
time equivalently, solutions can cycle, knapsack

be verified in polynomial time

@ In'NP; @ Every problem in NP 3-SAT, clique,

The hardest

NPC NP-Complete ' can'be reduced to it in polynomial : subset sum
: problems in NP ..
time (decision)
Every problem in NP can be TSP
reduced to it in polynomial time; optimization,
NP-hi b ard need not be in NP (could be A 25 N2 Halting
ard L as NP
optimization problemes, problem,
non-decision problems) Circuit-SAT
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